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$t$ , $\nabla$ , $u$ . $( \frac{\partial}{\partial t}+u\cdot\nabla)\phi$












, $c(A, B, \cdots)$ , $c$ $A,$ $B,$ $\cdots$
.
2
$u=u(x, t)$ . $X=X(t)$ $t$ . $X$
$\frac{dX}{dt}(t)=u(X(t), t)$ (1)
. , $X$





. $\triangle t$ , (2) $t$
$\frac{\phi(X(t),t)-\phi(X(t-\triangle t),t-\triangle t)}{\triangle t}$ (3)
(2) .
. (3) $X(t-\triangle t)$
$X(t-\triangle t)\simeq X(t)-u(X(t), t)\triangle t$
, (1) , 1
.
(1 2
$X(t- \triangle t)\simeq X(t)-u(X(t)-u(X(t), t)\frac{\triangle t}{2},$ $t- \frac{\triangle t}{2})\triangle t$
(3) , 2 .
, . $\triangle t$ 2
, 2 [2]. 4
2 .
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$\Omega$ $\mathrm{R}^{d}(d=2,3)$ , $\Gamma$ . $T(>0)$ , $Q_{T}=\Omega \mathrm{x}(0, T)$ ,
$\Sigma_{T}=\Gamma \mathrm{x}(0, T)$ . $\phi:Q_{T}arrow \mathrm{R}$
$\frac{\partial\phi}{\partial t}+u\cdot\nabla\phi-\nu\triangle\phi=f$ , $(x, t)\in Q_{T}$ (4a)
$\phi=0$ , $(x, t)\in\Sigma_{T}$ (4b)
$\phi=\phi^{0}$ , $x\in\Omega,$ $t=0$ (4c)
. , $u:Q\tau\prec \mathrm{R}^{d}$ , $\iota/$ , $f$ : $Q_{T}arrow \mathrm{R}$ ,
$\phi^{0}$ : $\Omega\prec \mathrm{R}$ . $u$ l




$n\triangle t$ , $u^{n}(x)\equiv u(x, n\triangle t)$ . (1)
2




$\Omega$ ( ) $\Omega_{h},$ $H^{1}(\Omega_{h})$ $P_{1}$
$X_{h}$ , (4b) $V_{h}$ .
$\in V_{h},$ $n=1,$ $\cdots,$ $N_{T}$ , .
$( \frac{\phi_{h}^{n}-\phi_{h}^{n-1}\mathrm{o}X_{2}^{n}}{\triangle t},$ $\psi_{h})+\frac{t/}{2}(\nabla\phi_{h}^{n}+\nabla\phi_{h}^{n-1}\mathrm{o}X_{1}^{n}, \nabla\psi_{h})+\frac{\nu\triangle}{2}(J^{n}\nabla\phi_{h}^{n-1}\mathrm{o}X_{1}^{n}, \nabla\psi_{h})$
$= \frac{1}{2}(f^{n}+f^{n-1}\mathrm{o}X_{1}^{n}, \psi_{h})$ , $\psi_{h}\in V_{h}$ (5a)
$\phi_{h}^{0}=\Pi_{h}\phi^{0}$ (5b)
, $(\cdot, \cdot)$ $L^{2}(\Omega_{h})$ , $J$ $(J_{ij}^{n}=\partial u_{i}^{n}/\partial xj),$ $\mathrm{n}_{h}$ : $C(\overline{\Omega})arrow X_{h}$
, $0$ . (5a)
$\langle A_{h}^{n-1/2}\phi_{h}, \psi_{h}\rangle=\langle \mathcal{F}_{h}^{n-1/2}, \psi_{h}\rangle$
.
4.2
$\Omega$ 2 . 3
. $h(>0)$ . $\phi_{h}^{n}$ $n\triangle t$ . $\phi_{h}^{n}$ ,
$n=1,$ $\cdots,$ $N_{T}$ , .
$\frac{\phi_{h}^{n}-(\Pi_{h1}\phi_{h}^{n-1})\mathrm{o}X_{2}^{n}}{\triangle t}-\frac{\nu}{2}(\triangle_{h}\phi_{h}^{n}+\triangle_{h}\phi_{h}^{n-1})\sim-\frac{\iota/\triangle t}{2}(u_{1,2}^{n}+u_{2_{1}1}^{n})\nabla_{h,12}\phi_{h}^{n-1}$
$= \frac{1}{2}$ ( $f^{n}$ $f^{n-1}\mathrm{o}X_{1}^{n}$) $(x\in\Omega_{h})$ (6a)
$\phi_{h}^{n}=0$ $(x\in\Gamma_{h})$ (6b)
$\phi_{h}^{0}=\phi^{0}$ $(x\in\overline{\Omega}_{h})$ (6c)
, $\Omega_{h}$ , . $\triangle_{h}$ 5
, $h$
$\triangle_{h}\phi_{h}=\sim(1+u_{1,1}^{n}\triangle t)\nabla_{h,1}$ (( $h \{\frac{1}{2,1},0$) $\nabla_{h,1}\phi_{h})\mathrm{o}X_{1}^{n})$
$+(1+u_{2,2}^{n}\triangle t)\nabla_{h,2}((\Pi_{h1}^{\langle 0,\frac{1}{2})}\nabla_{h,2}\phi_{h})\mathrm{o}X_{1}^{n})$
$\text{ }\ovalbox{\tt\small REJECT}$. $\mathrm{f}\mathrm{f}\mathrm{l}*_{\backslash }\not\equiv$ . $\Pi_{h}(\frac{1}{2,1},0)$
$\Omega_{h}^{(\frac{1}{2},0)}=\{((i+\frac{1}{2}h_{7}jh)\in\Omega;\mathrm{i},j\in \mathrm{Z}\}$
$1\mathrm{B}2$
. $\nabla_{h,12}$ $((\mathrm{i}\pm 1)h, (j\pm 1)h)$ $((\mathrm{i}\pm 1)h, (j\mp 1)h)$




1 $\nabla_{h,1}\phi_{h}$ $\Omega_{h}^{(\frac{1}{2},0\rangle}$ $\text{ }\ovalbox{\tt\small REJECT}$ . $\Omega_{h}^{(\frac{1}{2},0)}$ $X_{1}^{n}$ , $\Omega_{h}^{(\frac{1}{2},0)}$
, $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{\mathrm{B}}7$ $\not\equiv*\backslash$ \Pi h(2-11 . $\ovalbox{\tt\small REJECT} 7\mathrm{a}5$ $\Pi_{h1}^{(0_{\mathrm{t}}\frac{1}{2})}$
.
5
(5a), (6a) 3 , $O(\triangle t^{2})$
, .
$A^{n-1/2}\phi$ $u\cdot\nabla\phi-U\triangle\phi)^{n-1/\mathrm{z}}\circ Y_{1}^{h}’$ , $\mathcal{F}^{n-1/2}\equiv f^{n-1/2}\circ Y_{1}^{n}$
$\langle$ . ,
$Y_{1}^{n}(x) \equiv x-\frac{1}{2}u^{n}(x)\triangle t$
.
1( , Lemmas $3,4_{7}[2]$ ) $\phi,$ $u,$ $f$ $\psi_{h}\in V_{h}$
$|\langle$ ($A^{n-1/2}$ $n-\mathit{1}/\mathit{2}$)$h$ $\phi,$ $\psi_{h}\rangle|\leq c(u, \phi)\triangle t^{2}.||\psi_{h}||_{I^{2}(\Omega_{h})}$ (7a)
$|\langle \mathcal{F}^{n-1/2}-\mathcal{F}_{h}^{n-1/2},$ $\psi_{h\rangle}|\leq c(f)\triangle t^{2}||\psi_{h}||_{L^{2}(\Omega_{h})}$ (7b)
.
2( ) $\phi,$ $u,$ $f$ $\Omega_{h}$
$|(A^{n-^{\tau}}[perp]/2-A_{h}^{n-1/2})\phi|\leq c(u, \phi)(\triangle t^{2}+h)$ (8a)
$|\mathcal{F}^{n-1/2}-F_{h}^{-1/2}|\leq c(f)\triangle t^{2}$ (8b)
.
6
$\phi$ (4) $\phi_{h}$ (5) , (6) .
.
163
1( , Theorem 2, [2]) (5) ,
$||\phi-\phi_{h}||_{l^{\infty}(L^{2})}$ , $\sqrt{l/}|\phi-\phi_{h}|_{l^{2}(H^{1})}’\leq c(u, \phi^{0}, f, \phi)(\triangle t^{2}+h)$
. ,
$||\psi_{h}||_{l^{\infty}(L^{2})}\equiv \mathrm{n}1\mathrm{a}\mathrm{x}\{||\psi_{h}^{n}||_{L^{2}(\Omega_{h});}n=0, \cdots, N_{T}\}$
$| \phi_{h}|_{l^{2}(H^{1})}’\equiv\{\triangle t\sum_{n=1}^{N_{T}}||\frac{\nabla\phi_{h}^{n}+\nabla\phi_{h}^{n-1}\circ X_{1^{\hslash}}’}{2}||_{L^{2}(\Omega_{h})}^{2}\}^{1/2}$
.
2( ) (6) ,
$||\phi-\phi_{h}||_{f(L^{2})}\infty$ , $\sqrt{\nu}|\phi-\phi_{h}|_{\acute{\ell}^{2}(H^{1})}\leq c(u, \phi^{0}, f, \phi)(\triangle t^{2}+h)$
. ,
$|| \psi_{h}||_{\ell^{\infty}(L^{2})}\equiv\max\{||\psi_{h}^{a}r||_{\Omega_{h};}n=0, \cdots, N_{T}\}$ , I $\psi_{h}||_{\Omega_{h}}\equiv$
$| \phi_{h}|_{\acute{l}^{2}(H^{1})}\equiv.\{\triangle t\sum_{\prime n=1}^{N_{T}}||\frac{1}{2}\tilde{\nabla}_{h}\phi_{h}^{n}||^{2}L^{2}(\Omega_{h}^{\langle 1/2,0\rangle})\cross L^{2}(\Omega_{h}^{(0.1/2)}.)\}^{1/2}$
$\tilde{\nabla}_{h}\phi_{h}^{n}\equiv(\nabla_{h,1}\phi_{h}^{n}+(\Pi_{h1}^{(1/2,0)}\nabla_{h,1}\phi_{h}^{n-1})\circ X_{\mathrm{J}}^{n}$, \nabla h,2\phi nh+( (c1’ $1/2$ ) $\nabla_{h,2}\phi_{h}n-1)\circ X_{1}^{\prime n})$
.




[5] . 2 1
, [3]. (6a)
.
3 1 $P_{k}$ $(k>1)$ , , $c(\triangle t^{2}+h^{k})$ [2].
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